
y�VÇØÄ:

1. � X, {Xn}n≥1 ´½Â3VÇ�m(Ω,F ,P) þ��ÅCþ, ÷v limn→∞ E[Xn] = E[X], ¿� Xn

�VÇÂñ� X. y²

(a) E[(X −Xn)+]→ 0;

(b) E[|Xn −X|]→ 0.

2. � {Xn}n≥1 ´��½Â3VÇ�m(Ω,F ,P) þ�ÕáÓ©Ù��ÅCþ, � E[|X1|] < +∞.

N ´ {Xn}n≥1 �Ê�, � E[N ] < +∞. y²

E[X1 + · · ·+XN ] = E[N ]E[X1]

3. ¡��ê¼L§� Ornstein-Uhlenbeck L§({¡O-U L§), e§äk=£VÇ�Ý¼ê

p(t, x, y) = (2πc(1− e−2βt))−1/2 exp

{
− (y − e−βtx)2

2c(1− e−2βt)

}
Ù¥ c, β > 0 �~ê.

(a) �y Xt = e−βtBe2βt ´�� O-U L§, Ù¥ {Bt, t ≥ 0} ´��IO�ÙK$Ä.

(b) y² O-U L§k��;�ëY�?�.

(c) �Ñ O-U L§�²­©Ù.

(d) �ä O-U L§ Xt = e−βtBe2βt UÄ±VÇÂñ�,�ÅCþ, ¿�Ñnd.

4. � (Ω,F , µ) ´��VÇ�m, (Fn) ´4Of σ-�, σ(∪∞n=1Fn) = F . ν ´ F þ,��VÇÿ
Ý.� µn, νn ©O� µ, ν 3 Fn þ���, νn = νcn + νsn � νn 'u µn 3 (Ω,Fn)þ� Lebesgue©).

- Xn = dνcn/dµn � νcn 'u µn � Randon-Nikodym �ê.

(a) y² {Xn}n≥1 ´���K� (Ω,Fn, µ) þ�.

(b)y²�3�È�ÅCþ X∞,¦� Xn → X∞, µ-a.s.,¿� X∞ = dνc

dµ ,Ù¥ νc 'u µ� Lebesgue

©)�ýéëYÜ©.

(c) e3 F þ ν � µ, K {Xn}n≥1 ��, � Xn = Eµ[X∞|Fn].

5. � (Bt) ´½Â3,VÇ�m (Ω,F ,P) þ�IOÙK$Ä, τ ´��k�Ê�.

(a) - B
(τ)
t = B(τ + t)−B(τ). K B

(τ)
t ´��IOÙK$Ä, �� Fτ Õá.

(b) - B̃(t) = 2B(t ∧ τ)−B(t). K B̃(t) ´��IOÙK$Ä, � (B̃, τ) � (B, τ) Ó©Ù.

(c) - B∗t = sup0≤s≤tBs. Ké?¿� z ≥ 0, x ≤ z,

P(B∗t ≥ z,Bt < x) = P(Bt ≥ 2z − x).

(d) |^ (c) y² B∗t � |Bt| Ó©Ù.

(e) |^ (d) y²

E
(

max
0≤s≤t

|Bs|2
)
≤ 4E[B2

t ].

6. � (Bt) ´½Â3,VÇ�m (Ω,F ,P) þ�IOÙK$Ä. ^ Itô úª©O�Ñ

Xt = e−btx0 +

∫ t

0

e−b(t−s)dBs

Ú

Yt = exp{µt+ σBt −
1

2
σ2Bt}

÷v��Å�©�§.


